We consider the effect of discretization errors on the microscopic spectrum of the Wilson Dirac 
I. INTRODUCTION
In the continuum, low-lying spectra of the Dirac operator for theories with spontaneous chiral symmetry breaking have two equivalent descriptions. One is in terms of chiral Random Matrix Theory [1] [2] [3] [4] , and the other one is in terms of a chiral Lagrangian [5] [6] [7] . It is by now well-established how the two formulations are in one-to-one correspondence [6, 8, 9] , and that this is valid for all spectral correlation functions of the Dirac operator. Even single eigenvalue distributions can be derived in both formalisms, and have been shown to be equivalent [10] . The equivalence is valid to leading order in a chiral counting scheme known as the ǫ-regime or, in Random Matrix Theory terminology, the microscopic domain.
Apart from its conceptual value, the theory of low-lying Dirac operator spectra has been of quite practical use in lattice gauge theory. In fact, it serves multiple purposes, all relying on a QCD partition function that is formulated from the outset at finite four-volume V :
(1) it can be used to establish spontaneous chiral symmetry breaking in a clean way, (2) it provides precise non-perturbative analytical predictions that can be used to test the chiral limit, and (3) it allows for a determination of low-energy constants by means of finite-volume scaling. So far these uses have been limited by the fact that violations due to finite lattice spacings, a, have been ignored. Such lattice artifacts evidently depend on the particular lattice discretization chosen. Following Symanzik's program, corrections due to finite lattice spacings can, when they are sufficiently small, be analyzed in a continuum field theory language through the introduction of higher-dimensional operators in the Lagrangian. The corrections to the chiral Lagrangian that arise up to and including order a 2 -effects for Wilson fermions have been analyzed in a series of papers [11] [12] [13] [14] [15] [16] . For comprehensive reviews of effective field theory methods at finite lattice spacings, see, e.g., ref. [17, 18] .
It is then an obvious problem to investigate the effect of lattice-induced scaling violations on the spectral properties of the Wilson Dirac operator D W [19] . In a recent Letter [20] , There is a deep relation between the topology of gauge field configurations and the spectrum of the Dirac operator. Not only is the number zero eigenvalues equal to the difference of the number of right handed and left handed zero modes, because of level repulsion the Dirac spectrum near zero is affected in a universal way by the topological charge. As can be shown from spectral flow arguments (see, e.g. [21] [22] [23] [24] [25] [26] [27] ), the eigenvalues corresponding to the chiral modes at zero lattice spacing (when the Dirac operator is antihermitian) correspond to exactly real eigenvalues at nonzero lattice spacing. Additional pairs of real modes appear for increasing lattice spacing. However, the number of spectral flow lines, λ 5 k (m), with an odd number of real zeros remains the same. We will identify the number of such flow lines as the index of the Dirac operator and study Dirac spectra for a fixed index. In the continuum limit this index, by the Atiyah-Singer index theorem becomes equal to the topological charge of the gauge field configurations. In Random Matrix Theory, this index is determined by the block structure of the Dirac matrix. All results in this paper are derived for fixed index of the Dirac operator. It is of course also possible to sum over all sectors with a given index.
In this paper we elaborate on and provide detailed derivations of results announced in the Letter [20] and the proceedings [28] . One of the simplifying features of that paper was that double-trace terms in the chiral Lagrangian were ignored (which can be justified based on large-N c arguments [29] ). Here we compute their contribution to the microscopic spectrum directly from the chiral Lagrangian. We also show how double-trace terms can be included in the Wilson chiral Random Matrix Theory. We study in detail the a → 0 and four-volume V → ∞ limits of the analytical results. Furthermore, it is shown that the lowenergy constants of Wilson chiral Perturbation Theory are constrained by a QCD inequality which follows from the Hermiticity properties of the Wilson Dirac operator. This constraint coincides precisely with the requirement of preservation of the Hermiticity properties of the Wilson Dirac operator. The constraints found are consistent with the existence of an Aoki phase. One important message from the calculations presented here is that the values of the low-energy constants of Wilson Chiral Perturbation Theory can be accurately determined by matching the predictions for the eigenvalue distributions to lattice data. Furthermore, our results describe analytically the eigenvalues that may cause numerical instabilities [30] when approaching the chiral limit at finite lattice spacing with Wilson fermions.
The analysis of the Letter [20] has been extended in various other directions. We have obtained the distribution of the chirality over the real eigenvalues of the Wilson Dirac operator which is a lower bound for the distribution of the real eigenvalues. We also have obtained an upper bound which converges to the lower bound for small a. In the same limit the expressions for the microscopic spectral density of D 5 simplify and can be generalized to a nonzero number of flavors. We discuss the distribution of the tail states in the gap as well as a comparison with the scaling properties of such states as found in lattice simulations.
We also perform a saddle point analysis of our analytical result and obtain a simple explicit expression for the gap of the Dirac spectrum. 
II. EIGENVALUES OF THE WILSON DIRAC OPERATOR
We start with a discussion of general properties of the Wilson Dirac operator. Some of these results have been discussed extensively in the literature (see, e.g., refs. [19, 22-24, 26, 27] ), but are included here to make this paper self-contained.
The Wilson-Dirac operator will be denoted by D = D W +m. The lowest order a correction was introduced by Wilson,
retains only γ 5 -Hermiticity:
The eigenvalues, λ W k , of D W are then either real or they occur in complex conjugate pairs. The γ 5 -Hermiticity of D W implies that the operator
is Hermitian. Since at non-zero lattice spacings a the axial symmetry is lost ({D W , γ 5 } = 0), the eigenvalues of D 5 do not occur in pairs of opposite sign.
The eigenvalues, λ 
so that the real eigenvalues of D W can be obtained from the zeros of λ 
For m close to m c
with δφ|j = 0 and δφ
We thus find [22] 
When evaluated at m = m c , ie. at λ 5 j = 0, the slope is thus exactly given by the chirality
Furthermore, it can be shown [22] that the chirality of the eigenfunctions
vanishes for complex eigenvalues of D W but is generally nonzero for real eigenvalues.
To compute the spectral density ρ 5 of D 5 we introduce a source z that couples toψγ 5 ψ.
The operator entering in the fermion determinant is then given by
and the resolvent of D 5 is defined by
where λ 
The resolvent (12) is a partially quenched chiral condensate. We will compute it by means of the graded technique, where the unphysical 'valence' determinant is canceled by an inverse determinant after differentiation with respect to the source [52] . In order to be able to write the inverse determinant as a bosonic integral, it is essential that an infinitesimal increment is added to a Hermitian operator [16] .
We also consider the chiral condensate corresponding to the regularization introduced in
Care has to be taken in order to relate Σ(m) to the spectrum of D W . The discontinuity of Σ(m) across the real axis is given by
This expression can be rewritten in terms of eigenvalues and the normalized eigenfunctions |k of D 5 (recall that for λ 
where λ W k are the eigenvalues of D W . Using Eq. (9) this can be written as
This shows that ρ χ is the distribution of the chiralities over the real eigenvalues of D W .
Integrating this expression over λ W we obtain
This is the average index of the Dirac operator. The index for a given gauge field configuration is defined by
Since the real modes of D W correspond to the vanishing eigenvalues of D 5 we also consider ρ 5 (λ 5 = 0, m). A similar calculation as above results in
Because | k|γ 5 |k | ≤ 1 we have the inequality (also valid for fixed index)
where
As a special case the average number, n real , of real eigenvalues of D W for gauge field configurations with index ν is bounded by
III. WILSON CHIRAL PERTURBATION THEORY
The operators contributing to Wilson chiral Perturbation Theory have been considered in a series of papers [11] [12] [13] . It is constructed in terms of a double expansion in both the usual parameters of continuum chiral Perturbation Theory and the lattice spacing a. Depending on which counting scheme one uses, various terms contribute to a given order [31] [32] [33] . We concentrate on the microscopic limit, the ǫ-regime, in which the combinations
are kept fixed in the infinite-volume limit V → ∞. To leading order in these quantities, the low energy partition function for lattice QCD with Wilson fermions then reduces to a unitary matrix integral. Up to the infinite-volume chiral condensate Σ and three low-energy constants determined by the discretization errors of Wilson lattice QCD, this integral is completely determined by symmetry arguments.
Since we are computing quantities up to and including O(a 2 ) effects, it is important that all effects to this order are contained in the on-shell effective Symanzik action including O(a 2 ) terms. This problem has been analyzed in detail by Sharpe for the p-counting-scheme [19] .
Here we reconsider the argument for the ǫ-regime. One correction to relevant continuum operators corresponds to a 2ψ (x)γ 5 ∇ 2 µ ψ(x) [19] . In the ǫ-regime, such terms are suppressed by 1/ √ V with respect to the leading terms and need to be considered only at higher orders in the expansion. Additional lattice artifacts of potential O(a 2 ) in the form of contact terms have been analyzed in ref. [19] , and they are similarly suppressed.
As stressed by Leutwyler and Smilga [5] , the topological charge of gauge field configurations plays an important role in the microscopic spectrum of the continuum theory. The ν zero modes of the Dirac operator distort the eigenvalue spectrum of the non-zero modes and lead to distinct predictions in sectors of fixed ν. Likewise it is natural to study the microscopic spectral density of the Wilson Dirac operator for fixed index ν. At the level of the chiral Lagrangian it is a priori far from obvious how to implement the projection onto sectors corresponding to a fixed index of D W . Quite remarkably, such a projection can be achieved through a Fourier transform [20] : We decompose the partition function as
with
The Lagrangian L(U) is defined by
.
Below we will demonstrate that in the microscopic domain this corresponds to an ensemble of gauge field configurations for which the index of D W as defined by Eq. (19) is equal to ν.
The partitioning into sectors of fixed ν corresponds at the level of the unitary group integral to writing an SU(N f ) integral as an infinite sum of U(N f ) integrals.
In the Lagrangian (27) , Σ is the usual infinite-volume chiral condensate while W 6 , W 7
and W 8 are low-energy constants that quantitatively determine the discretization errors of
Wilson fermions. The terms proportional to W 6 and W 7 are believed to be suppressed in the large N c limit [29] , and they were not included in ref. [20] . Here we include the effect of these terms explicitly. To lighten the notation, we introduce the scaling variableŝ
with i = 6, 7, 8.
IV. GRADED GENERATING FUNCTION
To obtain the distribution, ρ 
and we have two spectral resolvents
and
Note that the N f physical quark flavors are not coupled to the source z.
The presence of fermionic as well as bosonic quarks in this generating function gives rise to a graded structure ("supersymmetry") of the corresponding chiral Lagrangian
tion is over the maximum Riemannian graded submanifold of Gl(N f + 1|1) [6] (see [6, 34] for notation and more on the graded method). For N f = 0 we will use the parametrization
If we could derive this partition function directly from the microscopic theory we would end up with convergent integrals. Relying only on symmetry arguments is not sufficient to obtain the partition function, and it can only be equivalent to the microscopic partition function if the integrations are convergent. For fermionic integrals convergence is not an issue, but bosonic integrals necessarily have to be convergent.
In [6] Next we consider the partition function withâ 2 i = 0. Let us first consider the case that a 6 =â 7 = 0, and we consider the partition function as an analytical function ofâ > 0. Notice that in order to correspond to the QCD partition function, the limitâ k → 0 should be regular.
We will now explicitly work out the generating function (32) in the quenched case where N f = 0. In order to do so we will use the parametrization Eq. (33) which has a flat measure [6] . In this representation the generating function withm > 0 and Im(ẑ ′ ) < 0 becomes (after α and β are integrated out)
The s-integral is convergent forâ (14) can be expressed as
This corresponds to a resolvent regulated with iǫγ 5 instead of iǫ, and as was discussed in section II, it has quite different properties with a discontinuity that does not give the spectral density but rather the distribution ρ ν χ of the chirality over the real eigenvalues of D W given in Eq. (17) . It follows from (34) that for Im(ẑ
The discontinuity of this resolvent is equal to microscopic limit of the distribution of the chirality over the real eigenvalues of D W defined in Eq. (17),
It can be verified numerically that with the resolvent (36)
This demonstrates that the sectors introduced in Eq. (26) correspond to a Dirac operator D W with index ν, as defined in (19) .
In Fig. 1 we plot the distribution of the chiralities over the real eigenvalues of D W , will show below, we can make an even more precise description of this in the limit of very smallâ 8 . In that limit we have ν real modes which turn out to be described by the |ν| × |ν|
Gaussian Unitary Ensemble of Random Matrix Theory.
B. The Microscopic Spectrum of D 5
In the continuum (a = 0) the eigenvalues iλ k of D W and eigenvalues x k of D 5 are related to each other through (λ
In this case, the microscopic eigenvalue density follows from that of D W . In the quenched case we have [2, 6] 
To obtain the eigenvalue density, ρ 
to find
The microscopic spectral density of D 5 = γ 5 (D W + m) in the quenched limit can then be expressed in terms of the imaginary part In Section II we discussed the mass dependence of ρ C. The effect of W 6 and W 7
In the derivation above we have explicitly included the effect of W 6 and W 7 in the Lagrangian and then performed the relevant super-traces and fermionic integrations. Here we point out an alternative way to compute the effect of W 6 and W 7 . Not only will this give us a direct way to quantify the effect of W 6 and W 7 on the spectrum of the Dirac operator, it also provides a simple way to include the effects of these terms in the chiral Random Matrix Theory discussed below.
Since W 6 and W 7 are coupling constants of double-trace terms, we can re-express the microscopic partition function (26) as
. (44) Here we have written the expression valid for negative values W 6 and W 7 . If W 6 > 0 the shift ofm is instead along the imaginary axis,m − iy 6 . For W 7 > 0 we analogously shiftẑ along the imaginary axis,ẑ − iy 7 .
Since exactly the same rewriting is valid for the generating function (32) also the quenched spectral density at non-zero values of W 6 and W 7 follows from that with W 8 alone
Interestingly, for W 6 < 0 the quenched spectral density of D 5 is a Gaussian average of spectra with a smooth distribution of quark masses. The integrals over y 6 and y 7 in (44) and (45) can only be interchanged with the noncompact integral in the partition function if the inequalityâ
> 0 is satisfied. Furthermore, the shift must be along the real axis in order that the discontinuity across the real axis remains linked to the eigenvalue density.
V. LIMITING CASES
In this section we discuss various limiting cases of the spectral density of D 5 and D W .
Since the Dirac spectrum at W 6,7 = 0 is given by a Gaussian integral over the Dirac spectrum for W 6 = W 7 = 0, only the dependence on W 8 will be analyzed in this section.
We first show explicitly that in the limitâ 8 → 0 the microscopic resolvent (42) reduces to the known analytical result of the continuum limit. To derive theâ 8 → 0 limit of the microscopic spectral density, we use the integrals
valid at fixed |m −ẑ| = 0, and obtain
We now use the recursion relations
and the Wronskian identity to obtain the resolvent of D 5 in the limitâ 8 → 0 forẑ −m fixed
As we will now demonstrate, this is the resolvent of D 5 for a = 0. The resolvent of D W at a = 0 can be expressed as
The eigenvalues of
Inserting theâ 8 = 0 result for Σ ν , see eg. Eq. (45) of [6] , we consistently find (51) above.
We conclude that in the limitâ 8 → 0 the eigenvalue density ρ 
For a = 0 the zero modes are smeared out so that the singularity in the resolvent is smoothened, and we expect the imaginary part of the resolvent to behave as
with F a peaked function. In Appendix A we extract the analytical expression for F from the smallâ 8 limit of the microscopic result for the resolvent given in Eq. (42) . Amazingly, the result is given by the eigenvalue density of a |ν| × |ν| Hermitian Random Matrix Theory
This is the familiar spectral density of the ν × ν Gaussian Unitary Ensemble shifted bym and rescaled by 1/4â 8 . For ν = 1 the result is a simple Gaussian.
For the normalization of the Hermite polynomials we used the convention
The 1/â 8 contribution to the spectral density is therefore normalized to ν. For ν = 0 the leading small-â 8 corrections are O(log(â 8 )), see Appendix A for details, and will not be considered to the order we are working.
C. For smallâ 8 the distribution ρ ν χ is given by ρ ν
5
The distribution of the chirality over the real eigenvalues of
from the resolvent of D 5 , Eq. (42), by replacing the pre-exponential factor i cos θ → − sin θ and putting z → 0. As discussed in section IV A, to leading order inâ 8 , this is equal the spectral density of the real eigenvalues of D W . For smallâ 8 the width of the spectrum ∼â 8 and we can thus consider the limit of smallâ 8 withm/â 8 fixed. This is exactly the limit that was considered in previous section.
To leading order, only the negative exponent of − sin θ has to be taken into account (which, up to a minus sign, is the same as the negative exponent of i cos θ). We thus find
This fact is also demonstrated graphically in Figure 4 . The two distributions merge because the real modes are almost chiral. To see this we start with a real mode of
It follows that
Now if the real modes of D W are chiral γ 5 φ j = ±φ j then the ν real eigenvalues of D W are mapped onto ν eigenvalues of D 5 with a trivial shift by m. More precisely,
so that
Since the distributions of the two merge in the smallâ 8 limit, (see Eq. (59)), this explicitly confirms that the chirality of the real modes is unity to leading order inâ 8 .
D. Scaling of Smallest Eigenvalue
For ν = 1 andâ 8 ≪ 1 the distribution of the single real eigenvalue of D W takes the Gaussian form
In physical units the width of the distribution is It is also instructive to consider the ratio of the width parameter and the average spacing ∆λ = π/ΣV of the Dirac eigenvalues at a = 0,
This gives an intuitive interpretation of the dimensionless low-energy constantâ 8 .
E. Mean Field Limit
For largem,ẑ, andâ 2 i the graded generating function can be evaluated by a saddle point approximation. This limit corresponds to the lowest non-trivial order in the usual perturbative expansion (p-regime) as considered in [19] . We will focus, in particular, on the behavior of the spectral density ρ 5 near the edge of the spectrum. At mean field level the dependence on the index of the Dirac operator is suppressed and we will therefore start from the ν = 0 expression and drop the index ν below. Since the Dirac spectrum at W 6,7 = 0 is given by a Gaussian integral over the Dirac spectrum for W 6 = W 7 = 0, only the dependence on W 8 will be taken into account in this section.
The expression for the spectral density can be written as
where S f , S b and P can be read off from Eqs. (41), (42) . By shifting integration contours according to
the fermionic and bosonic exponents become real and equal up to a sigñ S f (r) =m cosh r +ẑ sinh r − 2â
Also the prefactor in terms of these variables becomes real (an overall factor of i is included in the fermionic integration).
For largem andẑ the integrals can be evaluated by a saddle point approximation. It is convenient to introduce u = sinh s as new variable so that the potential (69) is given by
The edge of the spectrum is the point where two real saddle points coalesce and move into the complex plane. At this point
where S b (u) ia given in Eq. (71). The second equation results into
which combined with the vanishing first derivative leads to the mean field result for the gap
The mean field spectrum is symmetric around the origin and above we displayed the positive solution for the gap.
Depending on the position of λ 5 with respect to the position of the gapẑ g we can distinguish three parameter domains:
i) |λ 5 | < z g , then all saddle points in terms of the r and t variables are real. The leading saddle point determines the fermionic integral but does not contribute to the imaginary part of the bosonic integral (which gives the imaginary part of the resolvent). The imaginary part is given by a subleading saddle point when combined with the fermionic contribution gives an exponentially suppressed tail. Combining this with the fermionic integral gives the spectral density. In the smallâ 8 limit, when cosh s ≈ sinh s at the saddle point, the bosonic integral becomes Gaussian resulting in the Gaussian tail
ii) |λ 5 | > z g , then a pair of real saddle points has turned into a pair of complex conjugate saddle points. Only one of the saddle points can be accessed by the bosonic integration contour, but they both contribute to the fermionic integral. When the saddle points of the bosonic and fermionic integrals are the same, the exponents cancel resulting in a smooth contribution to the spectral density. When they are different, they result in an oscillatory exponent which is subleading because of the prefactor. It is instructive to work out the caseâ 8 = 0 which is done in Appendix B. Also the non-zeroâ 8 case is discussed in this appendix.
iii) λ 5 ≈ z g , then two saddle points are close and the exponents can be approximated by a cubic polynomial. This is the scaling domain where V (z − z g ) 3/2 is kept fixed in the thermodynamic limit for fixed m and a. In principle, the exact generating function can be evaluated in this limit, and according to universality arguments it should give a spectral density that can be expressed in terms of Airy functions as (see Eq. (145) for the definition of ∆)
The leading order asymptotic behavior of the Airy function on both sides of z g follows from a saddle point approximation of the generating function in this domain. This is shown in Appendix B. 
F. Edge Scaling
As discussed in previous section, the supersymmetric generating function can be evaluated in a counting scheme wherem ≫ 1,â The distribution, p min , of the smallest positive eigenvalue for the corresponding density Eq. (76) is also known. It is given by the Tracy-Widom distribution [36] [37] [38] for β = 2,
where q(x) is the solution of
with boundary condition that q(x) → Ai(−x) for x → −∞.
VI. RANDOM MATRIX THEORY FOR THE WILSON DIRAC OPERATOR
A chiral Random Matrix Theory for lattice QCD with Wilson fermions is constructed from the most general γ 5 -Hermitian matrix. This random matrix Wilson Dirac operator has the block structureD
are (n+ν)×(n+ν) and n×n complex matrices, respectively, and W is an arbitrary complex (n + ν) × n matrix. In Eq. (80) and below we use tildes to indicate quantities in the Random Matrix Theory which are analogues of those in the quantum field theory. We relate the two sets in Eq. (88).
We take the matrix elements to be distributed with Gaussian weight
where N = 2n + ν. Because of universality, results in the microscopic domain should not depend on the details of the probability distribution [4] , but for simplicity we take a Gaussian distribution. The partition function of the Wilson chiral Random Matrix Theory is then defined asZ
The matrix integrals are over the complex Haar measure andγ 5 
is a diagonal matrix with n + ν diagonal matrix elements equal to 1 and n diagonal matrix elements equal to −1.
For large quark mass the matrixD 5 ≡ γ 5 (D W + m) has n + ν positive eigenvalues and n negative eigenvalues, whereas for large negative massD 5 has n + ν negative eigenvalues and n positive eigenvalues. Therefore at least |ν| spectral flow curves ofD 5 have to cross zero at least once. Since each crossing corresponds to a real eigenvalue ofD W we conclude thatD W has at least |ν| real eigenvalues. The block structure of the matrix (80) guarantees that the Random Matrix Dirac operator has index ν.
A chiral Random Matrix Theory for staggered fermions at finite lattice spacings was introduced in [39] . 
A. From Wilson chiral Random Matrix Theory to Wilson chiral Perturbation Theory
We now consider the microscopic limit of the chiral Random Matrix Theory for Wilson fermions in whichm
We have studied numerically the quenched eigenvalue spectrum of the random matrix Wilson To demonstrate this universality we will now show that the Wilson chiral Random Matrix Theory partition function reduces to that of Wilson chiral Perturbation Theory to leading order in the ǫ-counting scheme. The explicit calculation will allow us to identify the low The first step is to express the determinants in Eq. (83) as Grassmann integrals. Then the average over the matrix elements of W can be performed by completing squares, see [1, 3] for details. The four-fermion terms can be decoupled by means of a Hubbard-Stratonovitch transformation, leading to the partition functioñ
Here, Q 1 and Q 2 are Hermitian N f × N f matrices and T is an arbitrary complex N f × N f matrix.
Up to now this is an exact reformulation of the partition function (83). In the limit of large matrices valid for the scaling (84) the integrals can be evaluated by a saddle point approximation. The saddle point manifold is given by
After absorbing V −1 in U and expanding the exponent to orderm,z andã 2 we obtaiñ
The integrals over Q 1 and Q 2 are Gaussian and are localized on the saddle point. The term of O(ã 2 ) in the exponent results in higher order contributions and they can be omitted here.
We thus obtain the partition functioñ
This shows that the Wilson chiral Random Matrix Theory partition function (85) reproduces the three leading terms in the ǫ-expansion. The corresponding low energy constants are identified as
As discussed in section VII C this identification requires that W 8 > 0.
B. Double-Trace terms
The double-trace terms of Wilson chiral Perturbation Theory are not generated by the
Wilson Random Matrix Theory defined in Eq. (83). Although such terms have been argued
to be suppressed in large-N c counting [29] , we would nevertheless like to be able to include them. As we will now show, this can easily be done.
Let the Random Matrix Theory partition function be extended tõ
where the partition function inside the integral is given in (83). It follows from the discussion of subsection IV C that then also the trace-squared terms of Wilson chiral Perturbation
Theory are reproduced by the Random Matrix Theory in the scaling limit (84 [41, 42] . In this section we provide several arguments for why Hermiticity properties put constraints on the these low-energy parameters. To simplify the discussion, we restrict ourselves to the case where both W 6 and W 7 vanish. 
The overall sign of the partition function can of course be changed by introducing a multiplicative constant. What the inequality states is that the partition function cannot change sign as a function of a real valued quark mass.
The partition function in the ǫ-regime must necessarily satisfy the same positivity bound.
We note, however, that its sign depends on the index ν of the chiral Lagrangian: is not possible that they both satisfy the inequality for realm andẑ. As the plot in Fig. 8 demonstrates, the sign of W 8 dictated by the inequality is positive.
This can also can be obtained analytically from the chiral Lagrangian. The partition function with degenerate masses (27) can be expressed in terms of the eigenvalues of U.
This allows us to rewrite the mass-degenerate partition function in the simplified form
where the one flavor partition function is
In Appendix C we show that for odd values of ν the two-flavor partition function with 
is now convergent. This integral seems to provide a bona fide generating function for Wilson fermions with W 8 < 0. In fact, it agrees precisely with the generating function suggested for p-regime calculations in ref. [19] . Nevertheless, the sign-issue has not disappeared, it has only resurfaced in disguise. To see this, we can compute the resolvent for the real eigenvalues of D W with the alternative graded generating function
By comparison with Eqs. (32) and (95), it follows that
Since the rhs is continuous when m crosses the real axis we conclude that for W 8 < 0 the density of real eigenvalues vanishes. This is because the graded partition function, (95 
With this change, the Random Matrix Wilson Dirac operator, however, becomes antiHermitian rather than γ 5 -Hermitian. We stress that this observation is in perfect agreement with the conclusion obtained from the convergence requirement of the graded generating function above: the spectral density of the anti-Hermitian Random Matrix (98) matches that generated by the graded partition function (95) which is convergent for W 8 < 0. This has been verified numerically to high accuracy. BecauseD W 8 <0 is anti-Hermitian, the deter-
2 has a definite sign for imaginary m in agreement with the chiral Lagrangian for W 8 < 0 and imaginary m.
From the point of view of Random Matrix Theory, the different universality classes corresponding to whether one imposes γ 5 -Hermiticity or not are well understood [47] . In the Random Matrix Theory literature this is referred to as Q-symmetry. In this appendix we consider the leading nontrivial expansion of ρ ν 5 for smallâ 8 at ν ≥ 0. We start from (42) with W 6 = W 7 = 0 and then compute the smallâ 8 limit for (ẑ −m)/â 8 fixed. Our aim is to prove that in this limit the eigenvalue density is given by the familiar expression for the density of the Gaussian Unitary Ensemble with matrices of size ν × ν.
The fermionic θ-integrals in (42) 
To obtain the smallâ 8 and smallm−ẑ limit we expand the exponential functions in a Taylor series
The leading terms, which we will refer to asŽ f p , are obtained from exponents in the cosines with opposite sign to the sign of p
where we define
For p = 0 we haveŽ f p=0 = 1. The sum above can be expressed in terms of Hermite polynomials, normalized according to (58), for all p,
where the only dependence on the sign of p is in the argument α (noting that H 0 = 1).
We now turn to the bosonic s-integrals in (42) . They are all of the form
after using the same definition as in (100) and changing variables y = e s . In the limit a → 0 with |m −ẑ|/â 8 fixed the leading contribution in an expansion in powers ofâ 8 is given as follows.
For p > 0 (p < 0) we change to rescaled new variables y =â 8 √ 2/t (y = t/â 8 √ 2) to obtain to leading orderŽ
with D p a parabolic cylinder function [48] , and α depending on sign(p) defined in (103). 
Because the saddle point is outside the integration contour the leading contribution comes from the lower endpoint of integrationâ 8 √ 2, and we arrive ať
By combining the fermionic and bosonic integrals we obtain
To obtain the leading smallâ 8 limit we simply replace the partition functions by those with a caron.
For ν ≥ 3 all bosonic integrals have a positive subscript p > 0 and no log-terms appear.
For the fermionic integrals for ν ≥ 3 it is immediately clear that in the limitâ 8 → 0 only the fermionic partition functions with the lowest index have to be taken into account in each sum. The cases ν = 0, 1, 2 have to be checked separately. Here special attention has to be paid to the fact that for sign(p) < 0 we have α ∼ 1/â 8 .
On the fermionic side the termŽ For ν > 0 the expression for the resolvent thus simplifies to leading order to
For ν = 0 we obtain no order 1/â 8 terms, and the leading order is in this particular case given by 1 8 log(2â 
Using the recursion relation
one can simplify the first term in Eq. (110)
For p a positive integer, the parabolic cylinder functions can be written as
where we define the following polynomials that have parity k
with real coefficients a l . This relation follows from induction, using the recurrence relation 
By inspection it is clear that the terms containing the polynomial P k do not contribute to the imaginary part of the resolvent. Because of erfc(x) = 1−erf(x) and erf(x) being odd, only the term proportional to unity contributes to the imaginary part. After using the recursion relation for the Hermite polynomials,
we find for the imaginary part of the resolvent and hence the eigenvalue density of D 5 (witĥ a 8 → 0 and |ẑ −m|/â 8 fixed valid for ν > 0)
= e
This is the familiar density of the ν ×ν Gaussian Unitary Ensemble shifted bym and rescaled by 1/4â 8 . For ν = 0 the density is simply zero at the same order.
The extremum of the real part of the exponent is at y = −m/8â 2 8 , so that for 8â 2 8 <m, the integral can be approximated by expanding about y = −1. In the thermodynamic limit we arrive at
The z-dependence in the exponent is subleading in the above expression, so that the fermionic part of the partition function does not contribute to the resolvent to leading order. Forâ 8 = 0 the integral in Eq. (121) is given by (see Eq. (46))
Forẑ ≪m this expression is approximated by
√m .
in agreement with the asymptotic result (124) for a = 0.
Next we consider the bosonic integral given by
The imaginary part of the partition function can be written as It is convenient to shift the integration contour by −πi/2 so that the exponent becomes real.
The saddle point approximation to the bosonic integral is then given by
where At z = z g the real saddle point with negative curvature merges with the real saddle point with positive curvature (which determines the imaginary part of the partition function), and for z > z g they turn into a pair of complex conjugate saddle points. However, only one of the two saddle points is accessible resulting in a bosonic partition function with a real and an imaginary part that are both determined by the same saddle point.
Since the negative of the fermionic exponent is obtained from the bosonic exponent by replacing s → iθ, the saddle points for the bosonic and fermionic integral are the same but in the fermionic case both saddle points of the complex conjugate pair contribute to the partition function resulting in a real expression.
Notice that replica symmetry or supersymmetry is broken for the contribution to the tail. The fermionic integral is always real and the imaginary part is due to the bosonic integral [50] . The resolvent that can be derived form the fermionic partition function does not have an imaginary part for any number of flavors. The replica trick therefore fails for the fermionic partition function even at the mean field level. To get the correct result we have to select one of the two saddle points. This is the case for the bosonic partition function where only one of the two saddle points is accessible by deformation of the integration contour.
A leading order saddle point approximation for the imaginary part of the bosonic partition function is accurate for a large parameter range. In particular, for largem andẑ it covers both large and smallâ 8 . There are two parameter domains where the derivation simplifies. It is convenient to introduce u = sinh s as new variable so the potential (130) is given by Eq. (71). For (m −ẑ)/â 8 ≫ 1, the leading saddle pointū ≫ 1, so that √ 1 + u 2 ≈ |u|. For ẑ > 0 the leading saddle point is negative (and mutates mutandis forẑ < 0), so that
Taking into account the Jacobian of the transformation u = sinh s we arrive at
Combining this with the fermionic integral we obtain for the spectral density
C. Edge Scaling
In this section we study the Dirac spectrum near the gap atẑ =ẑ g . We first consider z <ẑ g and then analyzeẑ >ẑ g .
Edge Scaling forẑ <ẑ g
We now expand S b (u) near the edge of the spectrum. The second derivative vanishes and the first derivative is given by
resulting in the expansion
The saddle points are given byū
We will see that the minus sign corresponds to the leading saddle point of the imaginary part of the bosonic partition function whereas the negative sign corresponds to the leading saddle point of the fermionic partition function as well as the real part of the bosonic partition function. Notice, that because of the supertrace, the fermionic and bosonic actions are each others inverses. The bosonic exponent at the saddle point for the imaginary part becomes
whereas the fermionic exponent at the saddle point reads
The second derivative at the saddle points is given by
Therefore, integration over u gives an overall factor i forẑ <ẑ g for the saddle pointū < u g , whereas for the saddle point (ū > u g ) the Gaussian integral is real.
The spectral density is given by
Differentiating the pre-exponential factors gives subleading corrections. The leading order saddle point result for the spectral density is thus given by
Note that the pre-exponential terms are not determined by a leading order mean field calculation. Comparing this result to the leading order asymptotic expansion of the universal result for the spectral density at the soft edge
we find that the two results coincide if we make the identification
Edge Scaling forẑ >ẑ g
Forẑ >ẑ g the leading order saddle point result is determined by a pair of complex conjugate saddle points. Near the edge of the spectrum, they are given by Eq. (137).
In order to understand the mean field limit forẑ <ẑ g we first discuss the case ofâ 8 = 0.
The saddle points are given by
When the fermionic and bosonic saddle points have opposite sign, then the pre-exponential factor vanishes. Therefore this combination of the saddle points does not contribute to the partition function. Only one of the bosonic saddle points can be reached by deforming the integration contour and the relevant fermionic saddle point necessarily has the same sign. This is the way the supersymmetric method selects the fermionic saddle point and circumvents the failure of the fermionic replica trick.
The pre-exponential factors add up to √ẑ 2 −m 2 which is canceled by the contributions from the Gaussian integrals about the saddle point (up to a factor of π) resulting in a partition function that is correctly normalized.
Next we consider the thermodynamic limit at fixedâ. Then the 1/ √ẑ 2 −m 2 singularity at the edge of the spectrum turns into a ẑ −ẑ g singularity for which we expect an Airy like behavior. The saddle points forẑ close toẑ g are given by
The structure of the saddle point approximation to the resolvent is given by G(z) = P (r + ,r + )eS b (r + )+S f (r + ) + P (r + ,r − )eS
where the exponents are given in Eq. (69) and the prefactor is equal to (P (s, r) − i 2 ) sinh r
with P (s, r) defined in Eq. (70). In the first term in Eq. (148) the exponents cancel, whereas in the second term they add up tõ 
At even value of ν we obtain for a single flavor Because of its parity this expression vanishes for both even and odd ν, independent of the sign of W 8 .
To see if this is a local minimum we compute the second derivative, given by 
For even ν only the first line is non-vanishing due to parity, and we have 
